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Abstract. We define homological matrices, construct examples of one-dimen- 
sion restricted homological quantum field theories, and show a relationship 
between the two theories. 



1. Introduction 

The purpose of this paper is to introduce examples of one-dimensional homo- 
logical quantum field theories HLQFT, and to define a higher dimensional homo- 
logical analogue of matrices. First we review the notion of HLQFT introduced in 
[2] which is based on the concept of cobordisms dotted with homology classes of 
maps into a fixed compact oriented smooth manifold. We demand that the maps 
from cobordisms to the fixed manifold be constant on each boundary component. 
This restriction is necessary in order to define composition of morphisms using 
transversal intersection on finite dimensional manifolds. We define a HLQFT as a 
monoidal functor from that category of extended cobordisms into the category of 
vector spaces. 

Throughout this paper we work at the chain level. To do so we introduced in 
Section[2]transversal 1-categories following ideas by May and Kriz [9] , and homology 
with corners for oriented smooth manifolds. In Section [3] we defined homological 
quantum field theory in arbitrary dimensions. Section |4] contains our main example 
of one-dimensional HLQFT which is based on the notion of parallel transportation 
along chains of paths. 

In Section [5] we introduce a higher dimensional homological analogue of matrices 
using the graphical representation of matrices introduced in [6]. We describe the 
relation between 1-dimensional restricted HLQFT and higher dimensional matrices. 



2. Transversal 1-categories 

Fix a field k of characteristic zero. We denote by dg-vect the category of 
differential Z-graded fc-vector spaces. Objects in dg-vect are pairs {V,d), where 

V = ® '^^ Z-graded fc-vector space and d — ® di'- V ^ V is such that 
di '.Vi Vi-i and d^ ^ 0. li V is dg-vect then V[n] is the dg-vect such that 
V[nY — V^'+". We say that V[n] is equal to V with degrees shifted down by n. If 

V ^ the are write |d| = z. If is a dg-vect H(V^) denotes the homology of V. A 
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dg-precategory C consist of a collection of objects Ob(C) and for any x,y E Ob(C), 
a dg-vect C{x, y) called the space of morphisms from x to y. A dg-category C is a 
dg-precategory together with complex morphisms o: C(x,y)^C{y,z) — > C{x,z) 
and id^: : k —>■ C{x,x) turning C into a category. We think of k as the complex 
with zero differential concentrated in degree zero. For a dg-precategory C, we 
define the precategory H(C) as follows: Ob(H(C)) = Ob(C), and for any x,y E 
Ob(H(C)), }I{C){x,y) = H(C(a;,y)). One checks easily that if C is a dg-category, 
then H(C) is also a category. 

A transversality structure C* in a dg-precategory C consist of the following data: 

• For xo, ■ • ■ ,Xn £ Ob(C) a dg-vect C{xq, ■ • ■ , a;„). 

n 

• inclusions in - C{xq, ■ ■ ■ ,Xn) ^ (^C{xi^i,Xi). 

2=1 

This data should satisfy the following properties: 

n 

• in - C{xq,--- ,Xn) ^^C{xi-i,Xi) IS a quasi-isomorphism, i.e., the in- 

i=l 

duced map 

n 

H(i„) : il{C{xQ, - - - , Xn)) H(C(xi_i, Xi)) is an isomorphism. 

i=l 

• For each partition n = ni + - - - + Uk, the map i„ factors through 

fc 

C {Xm^i J ' ' ' : -^rii ) ■ 

2 = 1 

Details are explained in . In '8^ the reader will find examples of transversal 
structures with applications to algebraic topology. 

n 

We think of C{xo,--- ,Xn) as the differential graded subspace of ^^C{xi^i,Xi) 
consisting of transversal n-tuples C{xq, - - - ,Xn)- Thus any or 1-tuple is automat- 

n 

ically transversal. For n > 2 any closed n-tuple in ^^C{xi-i,Xi) is homologous 

1=1 

to a closed transversal n-tuple, and any subsequence of a transversal sequence is 
transversal. 

Let ~ {y M. \ \y\ < 1}. The operad of little intervals I = {l{n)}n>i is defined 
as follows: for each n > 1, l{n) is the topological space 

r yi,yj e D \ < r, < 1 such that if i^j -i 

- |Uyi,ri,...,Jy„,r„j ini(T^^,,Jnim(Ty^.,,J = for all 1 < j < n i' 

where Ta^r '■ ^ is the affine transformation Ta.r{y) = ry + a, for x G and 
r > small enough. 

We regard I as a non-symmetric operad for the purposes of this note. Notice 
that a configuration of little intervals is naturally numbered using the order in D^. 
Compositions in I = {I(n)}„>i are illustrated by Figure [1] 

We shall use the dg-vect operad of singular chains 0^(1) = {Cs(I(n))}„>i with 
compositions induced by those on I. A dg-precategory C is said to be a transver- 
sal l-category if a domain C* in C is given together with maps On - C,j(I(n)) (8" 
C{xo, ■ ■ ■ ,Xn) ~* C{xQ,Xn) for any xq, ■ ■ ■ ,Xn € Ob(C). This data should satisfy 
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■e — ^ ^° (C ) C ) C ) ; C ) C ) ) 



1^ I )< ) (-(-(-^ — 

Figure 1. Example of a composition 72 : 1(2) ® 1(3) (g) 1(2) 1(5). 

the following axioms: 1) 6i{l (§)())= id: C{xo,xi)) C{xo,xi), where 1 de- 
notes the identity in C(I(1)). 2) For each partition n — ni + ■ ■ ■ + nk, the map 

k n k 

(^Cs(I(ni)) ® ((^C(a;„,_i, • ■ • ,a;„J) ^ C(a;„,_i , a;„J obtained by including 

z=l i—1 i—1 

k 

C{xq, ■ ■ ■ ,Xn) in (^C(a;„;_j, • ■ • ,a;„J, shuffling, and applying 6*®*^ factors through 

C(a;„o,a;„^, • ■ • ,Xn^), see |2j. Using that H(I(n)) = k for all n > 1, it is shown in 
[2] that 

Theorem 1. If C is a transversal 1-category then H(C) is a category. 

The concept of transversal 1-algebra may be deduced from that of a transversal cat- 
egory as follows: a dg-vect A is a transversal 1-algebra if and only if the precategory 
Ca with only one object p, such that Ca{PtP) = A \s a. 1-category. 

Corollary 2. If A is a transversal 1-algebra then 11(^4) is an associative 
algebra. 

Smooth manifolds with corners are defined in |10j . Given a smooth manifold M 
we define the graded vector space 

C(M) = 0Q(Af), 

with z e N, where Ci(M) denotes the complex vector space 

, ^ s Kx is a compact connected oriented z-manifold with 
^ ' corners and x : — > M is a smoth map 

{{Kx,x)-[-Kx,x)) • 

For K an oriented manifold, —K denotes the same manifold provided with the 
opposite orientation. We let d: Gi{Ad) Ci_i(M) be the map given by d{Kx, x) — 
^^(c, Xc), where the sum ranges over the connected components of diK^ provided 
with the induced boundary orientation and Xc denotes the restriction of x to the 
closure of c. In 2 is proven that 

Theorem 3. {C{M),d) is a differential Z-graded fc-vector space. Moreover 

H(C(M), 9) H(A/) := singular homology of M. 

3. Homological quantum field theory 

This work was motivated by our desired to understand and generalized string 
topology introduce by M.Chas and D. Sullivan [3], see also |4j and |12j . Indeed 
the category Cobf^^ of homological one dimensional restricted cobordisms enriched 
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over a manifold M constructed in Section [4] includes open string topology on M as 
a particular case when one considers objects of the form c: [1] — > D{M). 

The theory of cobordisms was introduced by Rene Thorn ! 13| . Using cobor- 
disms Michael F. Atiyah [l] and G. B. Segal [llj introduced the axioms for topolog- 
ical quantum field theories TQFT and conformal field theories CFT, respectively. 
V. Turaev 14' introduced the axioms for homotopical quantum field theories. Es- 
sentially the axioms of Atiyah may be summarized as follows: 1) Consider the 
monoidal category Cob„ of rt-dimensional cobordism. 2) Define the category of 
TQFT as the category MFunc(Cob„, vect) of monoidal functors !F: Cob„ vect. 
The category of Segal's CFT may also be recast as a category of monoidal functors. 
We shall define the category HLQFT of homological quantum field theories as 
follows 

1) Construct a 1-category "^ob^^ for each n > 1 and compact oriented smooth 
manifold M. 

2) Consider the associated category Cob*''^ = H(^ob*^). 

3) Define the category HLQFT(M, n) to be the category of monoidal functors 
MFunc(Cob„,vect). 

Let us first define the transversal 1-category "^^ob*^. By we denote D{M) the set 
of all embedded connected oriented submanifolds of M. ■nQ{M) denotes the set of 
connected components of M. We define the completion of a manifold M to be 
M = c. Figure [2] gives an example of a manifold and its completion. 

ce7ro(A') 




Figure 2. Manifold N and its completion TV. 

Objects in "^ob^ are triples {N^ /, <) where N \s & compact oriented manifold of 
dimension n — 1, /: Tro{N) — > D[M) is any map, and < is a linear ordering on 
■kq{N). By convention the empty set is assumed to be a n-dimensional manifold for 
all n e N. 

Let {Ni, fi, <i) and {No, fo, <o) be objects in '^ob^''^. We set 

'^Oh^'mj,, <,), (iVo, fo, <o)) = ^Oh^/ 

where "^ob^ is the set of triples {P,a,£,) such that 

1) P is a compact oriented smooth manifold with corners of dimension n. 

2) a : A^i LI A^'o X [0,1] ^ im(a) C P is a diffeomorphism and a \Ni\jN^^ dP is a 
diffeomorphism such that a\Ni reverses orientation and Q:|Ar^ preserves orientation. 

3) ^ e C(Map(P,M)/, jj, where Map(P, M)/,j„ is the set of all smooth maps 
g: P M such that for c e 7ro(Aj), ^(a, ) is a constant map with value in fj{c) 
on an open neighborhood of c, for j — i, o. We considered C(Map(P, M) f^j^) with 
degrees shifted down by dim A^o ■ Thus ^ is a smooth map ^ : x P ^ M for some 
compact oriented manifold with corners K^. 
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If a G Ma.p{PM) f.j^ we define ei{a) G ]^ fi{c) by ei(a)(c) — ei{x) for x G c; 

ce7ro(A',) 

similarly eo(a) G JJ^ /o(c) is given by eo(a)(c) = eo(x) for a; G c. Triples 

(Pi,ai,^i) - (P2,a2,6) in "^obf ((TVi, /i, <,), (iVo,/o,<o)) if and only if there is 
an orientation preserving diffeomorphism (p: Pi P2 such that ip o ai ^012, and 

•Tobf ((7Vo,/o,<o),-- - ,{NkJk,<k)) is the set of all fc-tuples {(P, a,, C»)}ti such 
that (P,,a„C,) G '^obf((Ar,_i,/,_i,<,_i),(iV„ /„<,)) and for all 1 < z < j < fc 
the map 

k fc-l 

i=l 2=1 

e(6> • • ■ ,ffc)(ci, • • . ,Cfe) = (eo(5i(ci)),ei(52(c2)), 60(^2 (C2)), ■ ■ • , ei(5fc(cj.))) 

is transversal to = ]^ A^* c f][ x where A^^ = {(a, a) e IV, x iVj for 

i = l 1 = 1 

1 < i < fc - 1. Clearly 

(3-1) e-(n.)={(.l,...,c,).ni.,J } 

i=l — — 

Since e is a smooth map and e(^i, . . . , ^fe) rh Vlk then 

Xjvi ■ • • Xlv,„i = e-i(f}fc) 

is a manifold with corners. 

Given a G C,(I(fc)), {P^,a^,^^) G ^obf ((7V,_i, <,_i), (A^,, for 1 < i < 
k, the composition morphism a((Pi, ai, ^1), • • • ,{Pk,ak,£,k)) G ''^ob^^((iVo, /o, <o 
), {Nk,fk, <k))) is the triple (a(Pi, • • • ,Pfc),a(Q!i, • ■ • ,afc),a(^i, • • ■ ,^fc)) where 

a(Pi,--- ,Pfc)=Piy--- □ Pfc 
a(ai, • ■ • , Qffe) = ai Iatq |J afe Iat^^ 

Kai^l, ■■■ ,^k)=KaX K^, X^^ X • • • Xlv,_, ^C. 

Themapa(^i,--- i^aCCi,-" ,6)xPi|J--- |J Pfe ^ Mis given by a(^i, •• • , 

^k)iis,ti ■ ■ ■ ,tk),u) = ^^{U){u) for any tuple {s,ti ■■ ■ ,tk) inKaXK^^ Xj^^- ■■Xj^^_^ 
K^^, and u E Pi. Figure [3] represents a n-cobordism enriched over M and Figure [4] 
shows a composition of n-cobordism enriches over M. 

Cob*[^ is the full subcategory of Cob*^, such that the empty set is not included as 
an object. 

Proposition 4. (Cob,^^, U, 0) is a monoidal category with disjoint union U 
as product and empty set as unit. Cob„ is a monoidal category without unit. 

Given monoidal categories C and T) we denote by MFunc(C,2?) the category of 
monoidal functors from C to T>. 

Definition 5. HLQFT(Af,d) = MFunc(Cob^^ vect) and HLQFT^(M,rf) = 
MFunc(Cob"^,vect). HLQFTrf(Af, d) is the cate gory of homological quantum field 
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Figure 3. A n- Figure 4. Composition 

cobordism enriched of n-cobordisms enriched 

over M. over M. 



theories of dimension d. HLQFT^(Af, c?) is the category of restricted homological 
quantum field theories of dimension d. 



4. One-dimensional HLQFT 

For n e N we set \n] = {1, • • ■ , n}. Let M be a compact oriented smooth man- 
ifold and vr: P ^ Af be a principal fiber G-bundle for G a compact Lie group. Let 
ji^P denote the space of planar connections on P, and let A G jz/p be a connection. 
If 7: / ^ M is a smooth curve on M and x G P is such that ti{x) — 7(0), then we 
let Pa (7, x) be 7(1) where 7 is the horizontal lift of 7 with respect to A such that 
7(0) = X. The goal of this section is to construct a map H: s^/p HLQFT^(A'f, 1). 
For each connection A G £/p we construct a one-dimension restricted homological 
quantum field theory Ha: Cobf^^ vect. For c G Ob(Cobf^^) we let c be JJ^ c{i). 

ie[n] 

Notice that an object in Cobf^^ is a map c: [n] D{M) for some n G N+. On 
objects Ha : Ob(Cobf^) ^ Ob(vcct) is the map given by 

HA(c)=H(n ^Icw) 

ie[rt] 

where P denotes the restriction of P to c{i) C M. Notice that a morphism in 
Gobi from c to d consists of a pair (a, t) where a is a permutation a: [n] [n] , and 
t = {ti ■ ■ -tn} is such that ti G H(Map(Ic, M)c._d(Q,(i))) where Ic is a 1-dimensional 
compact manifold with boundary (a closed interval). Figure [5] shows a picture of a 
morphism in Gobi. 
The map 

HA(a, i) : H( n ^ lew) ^ H( n ^ Uw) 

ie[n\ ie[n] 

is defined as follows: consider the natural projection vr: P |c(i)^ Y\ '^(*)' 

i€[n] ie[n] 

and let a; be a chain x: — > P |c(i), where x — (xi, . . . ,a:„). The domain of 

ie[n] 



HOMOLOGICAL MATRICES 



7 



M 




Figure 5. A morphism in Gobi. 



IlA{a,t){x) is given by 

KHAia,t){x) = Kx x-c Y\_ 

ie[n] 

The map llA{a,t){x) : KHj^(a,t)ix) ^ Yl ^ '"^(O ^iven by 

ie[n] 

[}lA{a,t){x)]{y;yi,- ■ -yn) = Y[ PiUiVi), x^) 

ie[n] 

where y e K^, yi e Kt,. 

Theorem 6. For any A £ the map Ha defines on l-dimensional homological 
quantum field theory. 

Proof. We need to show that Ha((/3, s) o [a, t)) = Ha(/3, s) o Ha (a, t). Since 

and 

^HA(/3,s)oHA(a,t) = (Kx Xjj^ J]^ ^t(c)) XjV™ II 

the domains Ha((/3, s) o {a,t)) and Ha(/?, s) oHA(Q!,t) agree. The corresponding 
maps also agree since P(7 o (3,x) = P{a, P{l3, xj). □ 

5. Homological matrices 

In this section we develop a higher dimensional analogue of matrices and matrix 
multiplication. Diaz and Pariguan in [6] used the following graphical representation 
of matrices. Let Digraph(m, n) be the C-vector space generated by the set of 
directed bipartite graphs P with one edge starting in [m] and ending in [n], so P is 
given by an element P G [m] x [n]. Digraph(m, n) and the vector space Mmxn(C) of 
complex matrices of format mx n are naturally isomorphic via the correspondence 
shown in Figure [6l 

Fix a compact oriented manifold M. We proceed to construct a higher dimensional 
homological analogue of matrices by generalizing the spaces Digraph(TO, n) as fol- 
lows: 1) We replace each point of the set [m] by oriented embedded submanifold 
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^ 











I 

Figure 6. Graphical representation of matrices 



4x6 



of M. So the indices of a generahzed matrix are maps c: [m] — > D{M). 2) The vec- 
tor space Digraph(m, n) is replaced by the space HG(c, d) of homological bipartite 
graphs with one packet of edges, where c: [m] D{M) and d: [n] ^ D{M). The 
space HG(c, d) is given by 

HG(c,d)- H(Map(/,M),(,),rf(,)) 

je[m]ie[n] 

with degrees in H(Map(/, M)c(j).d(i)) shifted by dim(d(i)). 3) Given A e HG(d, e) 
and B G HG(c, d) then we define the product AB G HG(c, e) of A and S by the 
rule 

{AB)k^ = ^ Akj o Bj^ 

je[m] 

for all i G [n],j G [m] and fc G [p] where Bji G H(Map(/, M)c(i)_d(j)), G 
H(Map(/, M)(iQ) g^j,)-) and the composition maps 

o: H(Map(/,M)d(,)^,(fc)) ® H(Map(/,M),(,),d(,)) ^ H(Map(/, M),(,),,(fc)) 

are defined as for 1-dimensional homological quantum field theories. 




Figure 7. Example of an element in HG(c, d). 



For a map c: [n] ^ D{M), the space HG(c, c) is an algebra which may be regarded 
as higher dimensional homological analogue of M„(C). A representation of HG(c, c) 
on a C- vector space F is a linear map p: HG(c, c) End{V) such that p(A_B) = 
p{A)p{B). Figure [5] shows an example of product of homological matrix in HG((i, e) 
with a homological matrix HG(c, d). 

Theorem 7. H(c(i)), where H(c(i)) is shifted down by dim(c(z)), is a 

ie[n] 

representation of HG(c, c). 
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Figure 8. Homological analog of matrix products 
Proof. Let A e ^ H(Map(/, M)c(i)^cO)) and e e H(c(i)) then we set 

i,j€[n] iS[n] 

{Ae)i — Aij o ej, where Aij e HG(c(j'), c{i)) and G H(c(j)) and the compo- 
se M 
sition maps 

o: H(Map(/,M),(,),,(,)) (5§H(c(j)) ^ H(c(i)) 
are define as in Theorem [51 □ 

In [5] the m-symmetric power S™A of an algebra A is defined as follows: as a 
vector space S^A = (A®™)s^, (^m-coinvariants.) The product in S™A is that as 
if ai ® • • • (g) a™ e S™A and 6i ® • • • (g) 6™ e S™A then 

(ai (g) • • • (g) a„)-(5i ® • • • 6m) = ^ sgn{a,b, a){aib„-iii)) «i ■ ■ ■ {amba-Um)) 

o-es,„ 

where sgn(a,6,cr) = (-1)^= and e = e(a,6,cr) = Y^iy, k^^rr-iO) I + E<TW>a(j) l^i^il- 
As shown in [5] if A is the algebra End(M^I') of supermatrices of dimension {p \ 
q) X {p \ q) then S™(End)(M^'l') is the Schur superalgebra (see [7]) which controls 
the polynomial representations of End(M^'l'). We proceed to define Schur algebras 
in the homological context. 

Definition 8. For c: [n] D{M) we set Schur,„(c,c) = S™(HG(c,c)). 

Figure [9] shows an element of Schur4(c, c) = S''(H(c, c)). Figure [TOl shows a product 
in Schur2(c, c). 




Figure 9. Higher dimensional analog of Schur algebras. 

Theorem 9. If y is a representation of II(c, c) then S™^ is a representation 
of Schur„(c, c). 

Proof, ai g) ■ • ■ g) e Schur™ (c, c) and wi g) • ■ • g) € S™F then 
ai g) • ■ • g) a™- (^wi g) ■ • ■ g) Vrr^j = ^ ^ sgn(a,w,f7)ai(uo-i(i)) g) ■ • ■ g) am(wcr-i(m)) 
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where sgn(a,'i;,cr) = (-1)^= and e = e(a, cr) = Ei>j |a»K-i(j))|+EaW>a(j) l^^^A- 

□ 

For the rest of the paper we work with even dimensional homology groups. 
Also we assume that the map c: [n] — > D{M) is such that dim (c(i)) is even for all 
i e [n]. 

Theorem 10. Let c: [n] D{N) and C = |J c{i). There is an algebra 

inclusion i: Cob^^^ (C,C) Schurm (c,c). Thus any representation of Schurm (c,c) 
induces a representation of Cob*^^ (C, C) . 

Proof. A1 element of Cobf^(C,C) is a sequence a = (ai)f^i where G 
H(Map(/, M)c(i)^c(a(i))) for some a: [n] —>■ [n] biyective. The map i is such that 
i{a) = Oi • ■ • Qm- Q 

n 

Corollary 11. S"(0H(c(i))) is a representation of Cobf^(C, C). 

i=l 
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